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nonlinear response of bound electrons
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The time it takes a bound electron to respond to the electromagnetic
force of light sets a fundamental speed limit on the dynamic control
of matter and electromagnetic signal processing. Time-integrated
measurements of the nonlinear refractive index1 of matter indicate
that the nonlinear response of bound electrons to optical fields is
not instantaneous; however, a complete spectral characterization of
the nonlinear susceptibility tensors2—which is essential to deduce
the temporal response of a medium to arbitrary driving forces
using spectral measurements—has not yet been achieved. With the
establishment of attosecond chronoscopy3–5, the impulsive response
of positive-energy electrons to electromagnetic fields has been
explored through ionization of atoms6 and solids7 by an extremeultraviolet attosecond pulse8 or by strong near-infrared fields9–11.
However, none of the attosecond studies carried out so far have
provided direct access to the nonlinear response of bound electrons.
Here we demonstrate that intense optical attosecond pulses
synthesized in the visible and nearby spectral ranges allow subfemtosecond control and metrology of bound-electron dynamics.
Vacuum ultraviolet spectra emanating from krypton atoms, exposed
to intense waveform-controlled optical attosecond pulses, reveal
a finite nonlinear response time of bound electrons of up to 115
attoseconds, which is sensitive to and controllable by the superoctave optical field. Our study could enable new spectroscopies of
bound electrons in atomic, molecular or lattice potentials of solids12,
as well as light-based electronics operating on sub-femtosecond
timescales and at petahertz rates13–15.
Intramolecular atomic motion dynamically distorts the interatomic
electron cloud and thereby gives rise to a transient electronic polarizability16 and a finite nonlinear response of matter to light fields. Timeresolved spectroscopies can now probe this response with femtosecond
lasers17. A finite nonlinear response of matter to external fields can also
emerge in the absence of nuclear degrees of freedom, purely as a result
of electron dynamics caused by coherent excitation of electronic states
and concomitant spatiotemporal evolution of the electron cloud18,19.
However, quantum mechanics implies that these dynamics occur on
an attosecond (as) timescale of Δt ≈  h/ΔE ≈ 400–800 as (in which
ΔE is the energy spacing between the relevant electronic levels, typically about 5−10 eV, and h is Planck’s constant). Consequently, it has
long been conjectured that the build-up of the nonlinear polarization of
bound electrons under non-resonant driving by light fields is instantaneous20. For electron dynamics to influence substantially the nonlinear
response of a medium to an optical field and to enable its real-time
tracing, both induction of electronic coherence and nonlinear probing
of concomitant polarization dynamics must occur within time intervals shorter or comparable to Δt. In the visible and nearby spectral
ranges, where bound electrons are typically probed and the required
field strengths for nonlinear studies can be most readily produced,
this condition implies a light pulse with its energy substantially being

confined to a half wave cycle. We refer to such a pulse as an optical
attosecond pulse.
To illustrate how such a pulse can enable the study of the dynamics of the bound-electron response, we theoretically investigate the
interaction of an intense (4 ×  1013 W cm−2) half-cycle optical field
(Fig. 1a, red dashed line), identical to that used in our experiments
described below, with a system lacking nuclear degrees of freedom—a
krypton (Kr) atom. We calculate the induced nonlinear dipole
moment ρ(t) by numerical integration of the three-dimensional timedependent Schrödinger equation (TDSE; Fig. 1a, blue line; ρTDSE(t))
and by using an adiabatic model describing Kr (Fig. 1a, black line;
ρad(t)); see Methods. The instantaneous response that is inherent to the
adiabatic model is manifested by the accurate synchronization between
the optical field E(t) (Fig. 1a, red dashed line) and the nonlinear dipole
moment ρad(t) (Fig. 1a, black line) induced in the system, and is further corroborated by the synchronous emission of the ρad(ω) spectrum
(where ω is frequency) obtained from time–frequency analysis of the
dipole (Fig. 1b, left panel). In contrast, when we account for the detailed
electronic structure of Kr when using the TDSE to simulate the interaction with the ultrafast optical field, coherent oscillations of the electron
cloud (Fig. 1a, grey dashed line) markedly affect the nonlinear dipole
ρTDSE(t). The leading-edge and maximum of ρTDSE(t) are noticeably
retarded, relative to those of the instantaneous response ρad(t) and
the driving electric field E(t). The time–frequency analysis of ρTDSE(t)
(Fig. 1c, left panel) reveals an attosecond-scale, non-uniform retardation (group delay dispersion) of the nonlinear emission (Fig. 1c,
left panel, white dashed line) that is evident across the entire dipole
spectrum and extends to the resonant area (10–15 eV) of Kr. Here, the
nonlinear response is dominated by long-lasting coherences that typically evolve over substantially longer timescales (Fig. 1a, grey dashed
line). In contrast, the nonlinear emission at lower energies (<9 eV)
is virtually confined within the time interval of the interaction of the
optical field with Kr. Hence, this low-energy spectral range offers an
adequate basis for exploring the dynamics of the nonlinear response
of the electron cloud to the optical driver.
A comparison between the Fourier-filtered (<9 eV) nonlinear
dipoles ρad(t) and ρTDSE(t) predicted by the adiabatic model (Fig. 1d,
black line) and the TDSE model (Fig. 1d, blue line), respectively, reveals
a finite relative delay of τ  ≈ 48 as (Fig. 1a inset). This delay represents
a substantial fraction of the time span of the induced dipole ρTDSE(t),
which is about 250 as. The observed retardation is sensitive to, and
is monotonically increasing with, applied field strength (compare the
blue, orange and green lines in Fig. 1d); with an optical-field intensity
of 8 ×  1013 W cm−2, it reaches a value of τ ≈  122 as. Figure 1e shows a
similar sensitivity of the dynamics of the dipole when the field intensity
is adjusted by varying the global phase φG of the driving field (justification for why the term carrier-envelope phase (CEP) is inappropriate
for multi-octave waveforms is given in Methods).
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Figure 1 | Nonlinear response of bound electrons of Kr to an optical
attosecond pulse. a, Nonlinear dipole moment ρ(t) of Kr atoms subjected
to an intense half-cycle optical field (dashed red line) calculated using
the adiabatic (ρad(t), black line) and the TDSE (ρTDSE(t), blue line) model.
The dashed grey line represents the bound-electron response in the
energy range (10–15 eV) that is calculated using the TDSE model. The
inset shows a close-up of the peak at time t = 0, highlighting the delay τ
between the predictions of the two models. b, c, Time–frequency analysis
of the nonlinear dipoles ρad(t) (b) and ρTDSE(t) (c) (left panels); simulated
nonlinear dipole spectra (5.7–8.2 eV) as a function of the global phase φG of
the optical attosecond pulse predicted by the adiabatic (b) and TDSE (c) Kr
models (right panels). The red line represents the instantaneous intensity of
the driving field. The dashed white lines represent the centre of mass along
the x axis of each plot. The colour scale represents spectral intensity in
arbitrary units (a.u.). d, e, Low-pass-filtered (0–8 eV) normalized nonlinear
dipoles for three peak intensities of the driving field: 4 ×  1013 W cm−2
(blue lines), 6 ×  1013 W cm−2 (orange lines) and 8 ×  1013 W cm−2 (green lines)
for global phases φG ≈  0 (d) and φG ≈  π/2 rad (e).
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Figure 2 | Synthesis of an optical attosecond pulse. a, Photograph
of an attosecond light-field synthesizer (top). The beams (artificially
visualized) of ultra-wide-band pulses (about 1.1–4.6 eV) are divided by
dichroic beam-splitters into four, almost equally wide, spectral bands. The
pulses in each band are compressed so that they have durations of a few
femtoseconds (the temporal intensity profiles are shown in the bottom
panels), before they are spatiotemporally superimposed to yield a single
beam/pulse at the exit of the apparatus. The insets in the bottom panels
show representative beam profiles in the far field. b, Attosecond-streaking
spectrogram of an optical attosecond pulse. The colour bar represents the
yield of photoelectron counts in arbitrary units. c, d, Evaluated electric
field (c) and instantaneous intensity profile (d; blue line) of the pulse.
The intensity profile has a FWHM duration of approximately 380 as.
The inset of d shows a close-up of this instantaneous intensity profile
(blue line, φG ≈ 0) along with that of the same pulse, but with φG ≈  π/2 rad
(dashed red line), and their common intensity envelope (dashed black
line), which has a FWHM duration of approximately 975 as.
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Phase-gating21 methods have successfully been used for tracing ionized-electron dynamics. To determine whether these methods can be
extended to trace bound-electron dynamics with optical attosecond
pulses, we simulate nonlinear dipole spectra as a function of the global
phase φG of the optical attosecond pulse using the adiabatic model
(ρad(ω, φG), Fig. 1b, right panel) and the TDSE model (ρTDSE (ω, φG),
Fig. 1c, right panel). The instantaneity of the nonlinear response underlying the adiabatic model (Fig. 1b, left panel) results in uniform spectral modulations of the emitted radiation with φG (Fig. 1b, right panel,
shown for the range 5.7–8.2 eV to ease comparison with experiments).
Indeed, the noticeable deviation between the instantaneous and TDSE
time-domain nonlinear dipoles (Fig. 1d, e), and the dependence of this
deviation on φG, give rise to easily discernible features in the corresponding spectrogram (Fig. 1c, left panel). These features are the manifestation
of the delayed nonlinear response and include the non-synchronous
amplitude modulation of the emitted frequencies with global phase
(highlighted by the white dashed line) and the non-monotonic variation
of the amplitude of the spectral emission along the energy axis.
We describe the nonlinear response of bound electrons in Kr with a
simple heuristic model that expresses the nonlinear dipole ρ(t, φG) as
a sum of instantaneous and delayed nonlinearities:
ρ(t , φG ) = aE 3(t , φG ) + bE 5(t , φG ) + cE 5(t − dt , φG )

(1)

where a, b and c are coefficients, dt represents a delay and E(t, φG)
is the electric field of the optical attosecond pulse for a global phase
φG (see Methods). Provided E(t, φG) is known, equation (1) allows
retrieval of the complete nonlinear dipole ρ(t, φG) from the numerical reconstruction of the corresponding φG spectrogram (Fig. 1c,
right panel). This procedure underlines the suitability of the model
for retrieving the nonlinear bound-electron response, and is instrumental for unveiling such dynamics from the experiments presented
below.
To experimentally study the sub-femtosecond nonlinear response
of bound electrons to light fields, we synthesized optical attosecond
pulses. Two major advances of our synthesis method with respect
to previously used methods22,23 have enabled the confinement and
manipulation of optical pulses to <1 fs. First, the development of a
second-generation light-field synthesizer (Fig. 2a), which extends optical synthesis to the deep ultraviolet range and manipulates pulses with
spectra extending over more than two optical octaves over the visible
and neighbouring ranges (about 1.1–4.6 eV), was crucial. Second, and
equally important, was the realization of a broadband and virtually
dispersion-free spectral equalization of the synthesized pulses, to give
pulses with twice the initial bandwidth (see Methods section ‘Optical
attosecond pulse synthesis’). These advances allow synthesis of optical
attosecond pulses, which are highly energetic (about 50 μJ) and several
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Figure 3 | Attosecond control of bound electrons in Kr. a, e, VUV
spectra generated in neutral Kr atoms driven by an optical attosecond
pulse (a) and a single-cycle pulse (e) of the same peak intensity (about
5 ×  1013 W cm−2), at global phase settings of φG ≈ 0 (red line) and φG ≈  π/2
rad (black line). b, f, Spectrograms composed of 25 VUV spectra

(about 5.5–15 eV) recorded as a function of φG for an optical attosecond
pulse (b) and a single-cycle pulse (f). c, g, Sections (about 5.5–8 eV) of the
global-phase spectrograms in b and f, respectively. d, h, Representative
driving waveforms at φG ≈  0 (d) and φG ≈  π/2 rad (h). The colour scales in
b, c, f and g indicate intensity (in arbitrary units).
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orders of magnitude more intense (about 50 GW) than those obtainable
with current extreme-ultraviolet (EUV) technology24.
Figure 2b shows a representative streaking spectrogram of an optical attosecond pulse. The field waveform (Fig. 2c) retrieved from the
data reveals a nearly isolated, half-cycle peak (centroid wavelength
of approximately 530 nm), which has an intensity (Fig. 2d) approximately five times that of the adjacent peaks and carries more than
about 50% of the energy of the waveform. The instantaneous intensity
profile of the dominant half-cycle in Fig. 2d has a full-width at halfmaximum (FWHM) duration of approximately 380 as, whereas an evaluation based on the conventional definition of the intensity envelope
(Fig. 2d inset, dashed black line) yields a FWHM of approximately
975 as.
In our experiments (see Extended Data Fig. 1b), we probe the nonlinear polarization response of Kr atoms to optical attosecond pulses by
recording the generated vacuum-ultraviolet (VUV) spectra. As shown
in Fig. 3a, the spectra are quasi-continuous in the 5.5–10 eV range and
exhibit discrete peaks coinciding with Kr excited-state energies in the
10–15 eV range. Variation of the global phase φG of the pulses yields
a pronounced broadband modulation of the VUV emission (Fig. 3b),
verifying our TDSE model predictions (Fig. 1c, right panel). In contrast,
a pulse synthesized to consist of approximately a single optical cycle of
commensurable intensity fails to generate broadband nonlinear excitation or its φG control (Fig. 3e–g). These results clearly demonstrate that
in the absence of the extreme nonlinearities that arise under conditions
of ionization, optical attosecond pulses are the key to manipulating
bound electrons on a sub-femtosecond timescale.
The non-uniform modulation of the amplitude of the emitted dipole
spectra (Fig. 3c) with φG and the uneven distribution of spectral amplitudes along the energy axis differ from the predictions of the adiabatic model for the same driving waveform (Fig. 1b, right panel), but
resemble key features of the spectrograms constructed using TDSE
simulations (Fig. 1c, right panel). These features offer experimental
evidence of the non-instantaneous character of the response of the
bound electrons of Kr in our experiments.
To apply the methodology presented above to retrieve the dynamics
of the bound-electronic response, we supplemented our measurements
with attosecond streaking of the driving field E(τ, φG). By studying
the dependence of the VUV emission as a function of the intensity
of the optical driver, we verified that bound-electronic nonlinearities dominate the response (see Methods). Figure 4 shows the measured (left panels) and the corresponding reconstructed (right panels)
spectrograms recorded at gradually increasing optical-field intensities: about 5 ×  1013 W cm−2 (Fig. 4a); about 7 ×  1013 W cm−2 (Fig. 4b);
and about 9 ×  1013 W cm−2 (Fig. 4c). The retrieved nonlinear dipoles
(Fig. 4d) exhibit delays with respect to the instantaneous dipole (black
line) and driving field E(τ, 0) (red dashed line) of τ  ≈  45 ± 4 as (Fig. 4a),
τ  ≈  70 ± 5 as (Fig. 4b) and τ  ≈  115 ± 7 as (Fig. 4c). The data in Fig. 4d
verify the attosecond control of the bound-electronic response induced
by the field, and emphasize the non-trivial character of the induced
dynamics, which is manifested by a non-uniform delay (chirp). The
latter is highlighted by the delay values for consecutive half-field-cycles
shown in Fig. 4e. These findings, which are in excellent agreement
with the predictions of the TDSE simulations performed for identical excitation fields, provide conclusive evidence for the feasibility of
tracing and control of the nonlinear response of bound electrons on a
sub-femtosecond timescale with high fidelity.
The findings of this study are compatible with an intuitive physical
picture of the delayed nonlinear response, which we can now extend
from the femtosecond molecular scale16 to attosecond electron dynamics. The optical-field-induced superposition of the ground state and
excited states—which are typically more polarizable because the electron resides further from the atomic core—gives rise to an increase
in the total nonlinear polarizability of the electron cloud during its
interaction with the field. But this superposition requires a finite time
to evolve, resulting in a delay in the nonlinear response of the system.
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Figure 4 | Sub-femtosecond, delayed nonlinear response of bound
electrons in Kr. a–c, Global-phase spectrograms of the optical attosecond
pulse recorded at peak-intensity settings of about 5 ×  1013 W cm−2 (a),
7 ×  1013 W cm−2 (b) and 9 ×  1013 W cm−2 (c) are shown in the left panels.
Corresponding reconstructed spectrograms based on equation (1) are
shown in the right panels. The colour bar represents spectral intensity
in arbitrary units. d, e, Low-pass-filtered (0–8 eV) nonlinear dipoles
obtained using the intensity settings in a–c (dark blue, orange, green lines,
respectively) are shown along with the instantaneous response (black
line) simulated for global-phase settings of the optical attosecond pulse of
φG ≈  0 (d) and φG ≈  π/2 rad (e). Standard errors of the mean for the delays
(τ) indicated are evaluated from the reconstruction of three data sets
recorded under identical experimental conditions. The dashed red lines
are the normalized instantaneous intensities of the input electric fields.
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Because both the amplitude of this superposition and the Stark shift22 of
the induced electronic dipoles scale with field strength, the delay in the
nonlinear response will also increase, in agreement with our theoretical
and experimental studies.
It should be possible to extend the approach demonstrated here to
the condensed phase. This will allow the electronic response in the
bulk of complex systems subjected to strong fields to the probed14,25,26,
and will enable the possibility to trace electronic dephasing in such
systems. By providing a probe, which is as short as the lifetime and
dephasing times of core-hole electronic states in solids generated under
attosecond X-ray excitation15, our tools could provide new ways to
explore the nonlinear properties of X-ray excited solids. These novel
spectroscopic capabilities may turn out to be instrumental—among
others—to exploring the ultimate frontiers of electromagnetic signal
processing in optical and X-ray regimes.
Online Content Methods, along with any additional Extended Data display items and
Source Data, are available in the online version of the paper; references unique to
these sections appear only in the online paper.
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Methods

Optical attosecond pulse synthesis. Light waveforms whose spectra extend over
more than two optical octaves in the visible and adjacent spectral range (about
1.1–4.6 eV) (Extended Data Fig. 1a) are generated by the nonlinear broadening of
laser pulses (approximately 22 fs, 1 mJ, 790 nm) through a hollow-core fibre (HCF)
filled with Ne gas (about 2.3 bar). The energy of the generated supercontinuum
at the exit of the HCF is about 550 μJ. The spectra of these pulses are divided by
dichroic beam-splitters into four almost equally wide spectral bands centred in the
near infrared (NIR; about 1.1–1.75 eV), visible (vis; about 1.75–2.5 eV), visibleultraviolet (vis-UV; about 2.5–3.5 eV) and deep ultraviolet (DUV; about
3.5–4.6 eV). The pulses in these bands are individually compressed by dispersive
mirrors to durations of a few femtoseconds before they are spatially and temporally
superimposed to yield a single beam/pulse at the exit of the apparatus. The pulses
are temporally characterized by a transient-grating frequency-resolved optical
gating (TG-FROG) apparatus. The durations Tof the pulses in different channels
of the synthesizer were measured to be TNIR ≈ 8.5 fs, Tvis ≈ 7 fs, Tvis-UV ≈ 6.5 fs and
ΤDUV ≈ 6.5 fs (see inset to Fig. 2a). The synthesizer apparatus transmits about 82%
of the energy of the incoming supercontinuum. As a result, the pulse energy at the
exit of the apparatus is about 320 μJ, and is distributed among the four channels as
ChNIR ≈  255 μJ, Chvis ≈  45 μJ, Chvis-UV ≈  15 μJ and ChDUV ≈  4 μJ, where Chi denotes
the energy of channel i.
For the synthesis of optical attosecond pulses, both precise control of the relative delay between the constituent pulses in the synthesizer as well as an intensity
control over the spectral channels is required. To this end, we followed a new
approach, which effectively enables the passive spectral intensity control and facilitates the attosecond streaking characterization of the generated optical waveforms
in the same set-up. The EUV attosecond probe is generated first (Extended Data
Fig. 1b) by focusing the light transients from the synthesizer into a quasi-static
Ne gas cell. The EUV radiation, which emerges collinearly to the driver waveform, is transmitted through a thin, round Zr foil, while the optical pulse, which
is transmitted around the geometrical margins of this foil, forms an annular beam.
A double-mirror module consisting of a concave, multilayer, coated inner mirror
and a metal–dielectric–metal (MDM)-coated concave annular sector (outer mirror) (Extended Data Fig. 2) of the same focal length (f = 12.5 cm), focuses the light
transients and the EUV attosecond probe into a second Ne gas nozzle placed near
the entrance of a time-of-flight (TOF) spectrometer (Extended Data Fig. 1b). One
of the essential characteristics of the MDM is that the imposed spectral control
results in negligible phase distortions over the whole spectral range of the supercontinuum pulse. This was experimentally verified by FROG measurements of the
pulses in the constituent channels upon reflection off the MDM unit. At the same
time, because the EUV probe is generated before the spectral intensity control of
the optical transient, it overcomes a fundamental limitation of a half-cycle field: the
efficient generation of intense EUV-probe pulses. This is because a half-cycle field
does not involve at least two intense field crests, which are required for ionization
and subsequent acceleration of electrons27 leading to high harmonic generation.
Single-cycle optical pulses are generated by physically suppressing a part
(>3 eV) of the high-frequency spectrum of the optical attosecond pulse.
Generation of VUV spectra. We focus optical attosecond pulses into a quasi-static
cell, which replaces the Ne gas jet used for performing attosecond-streaking characterization of their fields, filled with Kr atoms at a moderate pressure (about
80 mbar) (Extended Data Fig. 1b). We probe the nonlinear polarization of the
system by recording VUV spectra that emerge collinearly with the driving optical
field using a spectrometer placed downstream from the cell. The spectra are sampled at energies higher than about 5 eV, that is, beyond the constituent spectrum of
the optical attosecond pulses, and extend no higher than the ionization threshold
of neutral Kr (Ip ≈ 14 eV).
Ultimate limit of carrier-envelope phase decomposition. The concept of the
carrier-envelope phase φCE (CEP) is most readily understood in the time domain28.
The carrier-envelope phase is the interval Δtpeak between the maximum of the
envelope and the maximum of the instantaneous field, translated in phase at the
centroid frequency ωL of the spectrum: φCE =  ωL ×  Δtpeak. Any electric field can
be decomposed, according to Hilbert’s transform as

E(t ) = A(t )cos(w Lt + φG)
in which A(t) is the envelope (the modulus of the analytical field) and φG is the
global (or absolute) phase.
The maximum of the field is determined by solving

A (t )
= tan(ω Lt + φG)
E (t ) = 0 ⇔
ω LA(t )

(2)

On the basis of this equation and the estimation A(t ) ≈ Δω , we distinguish
ω LA(t )
ωL
two different regimes:
(1) For pulses with durations longer than one cycle, Δω / ω L = 1 and the solution of equation (2) yields φG =  ωL ×  Δtpeak =  φCE, which confirms the equivalence
between the global (φG) and carrier-envelope (φCE) phases.
(2) For sub-cycle pulses, Δω/ωL > 1 and so the solution of equation (2)
is not trivial because, in a fraction of a cycle, the envelope varies substantially.
Consequently, ωL ×  Δtpeak <  φG and the global and carrier-envelope phases are
no longer equivalent.
Extended Data Fig. 3a presents the case of a half-cycle pulse—an optical attosecond pulse. The sinusoidal waveform (red) reaches its maximum at 0.2 periods
instead of 0.25, which is expected for a wave with a phase of π/2 rad. Extended
Data Fig. 3b shows the CEP determined using the method of the field maximum
depending on the pulse duration, for three settings of the global phase. This comparison reveals a considerable difference between φCE and φG in the short pulse
regime. In view of the above justification, it is clear that the CEP is an accurate
description of the global phase only for pulses longer than one cycle.
Time-dependent Schrödinger equation and adiabatic models. To theoretically
study the nonlinear dipole dynamics in Kr atoms exposed to intense optical attosecond pulses, we used two models. In the first, we solve the three-dimensional
time-dependent Schrödinger equation (TDSE) within the single-active-electron
approximation. To this end, we used a central potential for Kr, which was calculated using optimized effective-potential methods29. In the second, and in order
to describe instantaneous response, we assumed an adiabatic model based on a
two-level system12,30, in which the dipole moment, in the quasi-static approximation, can be expressed as:

ρ(t ) =

2d 2E(t )
4d 2[E(t )]2 + ω02

where d is chosen to match the nonlinear polarizability of Kr (refs 31, 32),
ω0 is the excitation energy ħω 0 ≈ 10 eV and E(t) denotes the electric field of the
optical attosecond pulse. To access the nonlinear component of the induced electronic dipole moment at a given intensity of the driving field in both models, we
perform a second calculation at a much lower (about six orders of magnitude)
intensity. As a next step, we subtract the virtually linear dipole calculated at the
lower intensity from the original one, after multiplying it by the corresponding
ratio between the two intensities. The calculated global-phase spectrograms (spectral emission as a function of the global phase) using the adiabatic and TDSE
models are shown in Extended Data Fig. 4a, b. In accordance with the discussion
in the main text, the adiabatic model (Extended Data Fig. 4a) predicts uniform
modulations of the spectral amplitude of the emitted spectral components as a
function of the global phase φG. In contrast, the spectrogram calculated using the
TDSE model embodies the signatures of the delayed electronic response (Extended
Data Fig. 4b) in the form of asynchronous amplitude modulations between different frequencies/energies of the emitted dipole. These features are present in the
entire emitted spectrum, not only close to the resonant area (10–14 eV). We show
that these effects can be used to extract the dynamics of the nonlinear response by
reconstructing the global-phase (φG) spectrograms recorded in our experiments.
Extended Data Fig. 4c shows a global-phase spectrogram simulated for a single-cycle pulse using the TDSE Kr model. In this regime of single-cycle pulses, the
global-phase spectrogram does not show discernible variation over φG, which is
experimentally verified (see Fig. 3e–g).
Ionization-free strong field polarization of bound electrons. An essential innovation introduced by using optical attosecond pulses is their unique capability
to drive nonlinear dynamics in quantum systems without inducing a substantial
degree of ionization or excitation, that is, without greatly altering the original system. In experiments where the polarization of the system is to be probed, both
excessive ionization and excitations markedly modify the system, resulting in a
considerable degree of ‘contamination’ in the emitted signal from the new atomic
entities; such contamination is challenging to resolve both experimentally and
theoretically.
This capability is unique to isolated sub-cycle pulse structures and is not
observed for trains of sub-cycle field modulation33 because the nanosecond-long
exposure of atoms to such fields yields a substantial degree of ionization, which is
actually the means to trace the waveform in these experiments34. The ionization
and excitation probability of Kr atoms calculated by the solution of the TDSE and
the waveform used in our experiments for a range of intensities (summarized in
Extended Data Table 1) verify this conjecture. Experimentally, we also verified this
fact by using the previously established and highly sensitive technique of attosecond transient absorption spectroscopy18.
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The interaction of optical attosecond pulses with matter, even at excessive
intensities such as those used in our experiments and simulations, can be mostly
considered as a scattering process. The system and the pulse virtually do not
exchange energy; rather, the pulse probes the system via nonlinear scattering and
the emission of coherent radiation.
Nonlinearities in the interaction of Kr with intense optical attosecond pulses.
Identifying the dominant nonlinearities in the interaction between the optical
attosecond pulses and the Kr atoms, and understanding the dependence of these
nonlinearities on the variation of the global phase (φG) of the optical attosecond
pulse—the key control point of the interaction in experiments with such waveforms—is essential for the development of intuitive models that can describe the
nonlinear dynamics. As we show below, it allows the development of a robust
methodology that permits the reconstruction of the dynamics of the response
from global-phase spectrograms.
To this end, we theoretically (using TDSE simulations in Kr) studied the intensity dependence of the yield of the spectral emission (averaged over the range
0–8 eV) under optical attosecond pulses for the range of intensity settings used in
our experiments. The corresponding nonlinearities can be evaluated from the slope
of the linear fit of the data in the log–log diagram of Extended Data Fig. 5. A linear fitting over the entire range of intensities studied (2 ×  1013 –10 ×  1013 W cm−2)
reveals a slope of about 4, and suggests the dominance and coe xistence
of the two most essential nonlinearities in centrosymmetric systems: the
third- (E3) and the fifth- (E5) order nonlinearities—broadly know as boundelectronic nonlinearities.
Simple model of the field-driven bound-electron nonlinear response of Kr. The
study presented in the previous paragraph highlights the dominance of boundelectron nonlinearities in the response and the low or negligible sensitivity of the
nonlinearity to the global phase of our pulses.
To account for the non-instantaneous response revealed in our TDSE simulations, and inspired by previous approaches in ultrafast spectroscopy35, in which the
nonlinear response is decomposed into instantaneous and delayed components,
we describe the nonlinear dipole moment as a sum over instantaneous third- and
fifth-order nonlinearities, as well as the fifth-order delayed nonlinearity according
to equation (1):

ρ(t , φG) = aE 3(t , φG) + bE5(t , φG) + cE5(t − dt , φG)
Here, a, b and c are coefficients, dt represents a delay of the fifth-order response
and E(t, φG) is the electric field of the optical attosecond pulse for a global phase φG.
One would generally expect delayed terms to be considered for all nonlinearities involved (including the third-order); the energy diagram of Extended Data
Fig. 6 offers an intuitive explanation of our choice to limit the delayed terms to
only fifth-order nonlinearities. Indeed, delayed response in the range 0–9 eV will
primarily involve virtual transitions, which can coherently couple at least two electronic states of the system (ground and excited states or combinations of excited
states). The diagram demonstrates this assuming virtual transition compatible with
the energy spectrum of our optical attosecond pulse (1.1–4.6 eV). Such transitions
can only occur within the fifth-order response (higher-order Kerr effects). The
diagram also highlights—through the multiphoton picture—that at this extreme
limit of pulse duration and corresponding bandwidth, non-resonant and resonant
response are virtually inseparable. As a result, the coherent dynamics induced
between two or more states of the system will be manifested at each nonlinearly
emitted spectral component in the process.
Extended Data Fig. 7a–c shows representative, synthetic, global-phase
spectrograms for three values of the parameter dt (dt = 0 (instantaneous response),
dt = 20 as and dt = 30 as), generated by equation (1) in the spectral range of our
experiments (see Fig. 4). The synthetic spectrograms highlight the capability of
the model to capture key features of the experimental spectrograms (for example,
Figs 1 or 4), such as the profoundly asynchronous modulation of the emission in
the range 7–8 eV and the weakening of the amplitude in the range 6–6.5 eV—both
are the result of dynamic nonlinear interference between delayed and instantaneous terms in equation (1).
To further verify the validity of our model, we used the TDSE simulations in Kr
as a basis to explore how a dipole described by the above equations could represent
the (below resonances) nonlinear response of the system.
Extended Data Fig. 7d shows the TDSE simulated dipoles (black line) and
their fitting with equation (1). We investigated both the capability of the model
to fit only a fraction (spectrally filtered from 5.5–8 eV; Extended Data Fig. 7d) of

the dipole as well the entire dipole (0–8 eV) below resonances (Extended Data
Fig. 7e). A single set of the parameters a, b, c and dt in equation (1), and a given
peak intensity of the pulse, can precisely reproduce the nonlinear dipole (black
lines) for all settings of the global phase. Representative examples for two (extreme)
settings of the global phase φG ≈ 0 (left panels of Extended Data Fig. 7d and e) and
φG ≈  π/2 rad (right panels of Extended Data Fig. 7d and e) are shown. Furthermore,
the parameters a, b, c and dt extracted from fitting part of the nonlinear spectrum (5.5–8 eV) (Extended Data Fig. 7d) are identical to those required to fit the
entire range (0–8 eV) (Extended Data Fig. 7e). As a conclusion, even a limited
fraction of the nonlinear spectrum contains information about the interfering
terms in equation (1) The model works well for a wide range of peak intensities (not shown); therefore, we conclude that it is adequate for reconstructing the
response.
Nonlinear dipole reconstructions. The most critical test of the capability of our
model to reconstruct experimental data and to trace the time-domain nonlinear
dipole dynamics, is to perform a numerical experiment. To do so, we create a
theoretical spectrogram using the TDSE model (where the nonlinear dipole is
known a priori) and attempt to reconstruct this nonlinear dipole using (i) equation
(1), (ii) the spectrogram constructed by the TDSE simulation, and (iii) the a priori
measured driver field waveform.
For both experimental and synthetic data, we used a quickly converging non
linear algorithm to perform the reconstructions. It is based on a commercial, highly
optimized numerical routine that uses the ‘trust-region’ method36, which is usually
used for constrained problems. The root-mean-square deviation (r.m.s.d.) was
determined, and defined as the main parameter to optimize our reconstruction
via its minimization. The r.m.s.d. is calculated as:
ω2

r.m.s.d. =

n
∑ i=φ G1 ∫ ω 1(Xˆ i − X i)2 dω

nφ G × nω

Where X̂ and X are the computed and original (measured) spectra, respectively,
at certain global-phase settings, ω1 = 5.5 eV, ω2 = 8 eV, nφ G is the number of
global-phase settings of the measured VUV spectrogram, and nω is the number of
frequencies involved (from ω1 to ω2).
The results of this study are summarized in (Extended Data Fig. 8a, b), in which
the original and the reconstructed spectrograms are shown. The reconstruction
parameters in equation (1) are a =  0.180, b =  0.096, c =  −0.177 and dt = 67 as.
Extended Data Figure 8c, d compares the reconstructed (red line) and the
a priori known nonlinear dipole (black line) for two different settings of the global
phase. Blue lines show the instantaneous response for the same waveforms for
comparison.
Intensity dependent nonlinear delay. We study the delayed nonlinear boundelectronic response over a wide range of intensities ((2–8) ×  1013 W cm−2). The
evaluated delays between the instantaneous and the TDSE-simulated dipoles as
function of the driver field intensity are shown in Extended Data Fig. 9a; the delays
between the instantaneous dipoles and those reconstructed from our measured
spectrograms (see Fig. 4) are shown in Extended Data Fig. 9b.
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Extended Data Figure 1 | Supercontinuum spectra and experimental
set-up. a, The supercontinuum spectra spans more than two octaves
(1.1–4.6 eV), and is shown by the black line; the spectra of the individual

channels ChNIR, Chvis, Chvis-UV and ChDUV are shown by the red, orange,
blue and violet lines, respectively. b, Schematic illustration of the
experiment set-up.
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Extended Data Figure 2 | Spectral equalization by a metal–
dielectric–metal (MDM) coating. a, The designed reflectivity (red line)
and spectral phase (black) of the MDM coating applied on the outer
mirror of the double mirror module shown in Extended Data Fig. 1.
b, Multi-octave spectrum at the exit of the synthesizer (red line) and upon
reflection off the MDM mirror (black line).
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Extended Data Figure 3 | Global phase and CEP difference in a subcycle regime. a, Half-cycle, cosine-like (blue line) and sine-like (red line)
waveforms, compared with the carrier wave (dotted blue and red lines) and
envelope (dashed blue lines). b, Limits of CEP decomposition in the time

domain. Retrieved CEP (solid lines) versus global-phase offset (dashed
lines) as a function of the ratio between the FWHM of the intensity
envelope and the period of the carrier wave for φG =  π/4 rad (blue line),
φG =  π/2 rad (green line) and φG =  3π/4 rad (red).
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Extended Data Figure 4 | Simulated global-phase spectrograms.
a, b, Calculated global-phase (φG) spectrograms using the adiabatic
model (a) and the TDSE model (b) for experimentally sampled waveforms
(optical attosecond pulse) and an intensity of about 4 ×  1013 W cm−2.

c, Simulated global-phase spectrograms for a sub-cycle pulse (about 2 fs;
shown in inset). The polarization response is insensitive to global-phase
variation of the waveform; see also experiments in Fig. 3. The colour scale
represents the spectral intensity in arbitrary units.
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Extended Data Figure 5 | Nonlinearity study of the interaction of an
optical attosecond pulse with a Kr atom. a–d, Data points show the
spectrally integrated yield of the nonlinear polarization (0–8 eV) as a
function of the intensity of the optical attosecond pulse for two global
phases φG of the driving waveform, φG ≈  0 (a, c) and φG ≈  π/2 rad (b, d),
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evaluated from TDSE simulations (a, b) and our experiments in Fig. 4 (c, d).
The error bars represent the standard error of the mean of the input field
intensity and the calculated integrated spectral yield of the nonlinear
polarization. Δ is the slope of the linear fitting of the log–log plots; the
errors shown indicate the standard error of mean, with n = 3. Insets show
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Extended Data Figure 6 | Representation of the possible multiphoton
transitions on a Kr atom energy level diagram assuming third- and
fifth-order nonlinear processes.
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Extended Data Figure 7 | Synthetic global-phase spectrograms and
nonlinear dipole fittings. a–c, Synthetic global-phase (φG) spectrograms
determined using the simple model (equation (1) with the same set of
parameters (a, b, c) and delays dt = 0 as (a), dt = 20 as (b) and dt = 30 as (c).
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The colour scale represents spectral intensity in arbitrary units.
d, e, Fits (red lines) of the spectrally filtered (d, 5.5–8 eV; e, 0–8 eV)
nonlinear dipoles (ρ(t), black lines) with φG ≈ 0 (left column) and
φG ≈  π/2 rad (right column) using equation (1) and 6 ×  1013 W cm−2.
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Extended Data Figure 8 | Reconstruction of the global-phase
spectrogram calculated by the TDSE model. a, Calculated spectrogram
at different global-phase settings (φG =  −1.2π−1.2π rad) of the optical
attosecond pulse using the TDSE model. b, Reconstructed spectrogram
using the model of equation (1). The colour bar represents spectral
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intensity in arbitrary units. c, d, Calculated nonlinear dipoles using the
TDSE model at φG ≈  0 (c) and φG ≈  π/2 rad (d) are plotted in black; the
reconstructed nonlinear dipoles and the adiabatic dipoles are shown in red
and blue, respectively.
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Extended Data Figure 9 | Intensity dependence of the nonlinear dipole delay. a, b, The delay between the adiabatic dipole and the calculated dipole
using the TDSE model as a function of the peak intensity according to TDSE simulations (a) and evaluated from the experimental data (b; see Fig. 4).
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Extended Data Table 1 | Ionization and excitation probabilities calculated using TDSE simulations of Kr for a range of peak intensities of the
optical attosecond pulse

Peak intensity (1013 W/cm2)

1

2

4

6

8

10

Ionization probability (%)

0.0018

0.06

0.18

0.84

1.38

2.4

Excitation probability (10-4 %)

0.004

0.05

0.825

1.88

3.63

3.8
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